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ABSTRACT

Surplus CO2 is removed from the atmosphere by natural sinks at rate, proportional to the
surplus CO2 concentration. In other words, it undergoes exponential decay with a single
decay constant. This conclusion is rigorously proven, using first principles and relatively
recent observations of oceans. Historical data for CO2 concentrations and emissions from
1958–2013 are then used to calculate the half-life of the surplus concentration. This
theoretically derived formula is found to be an excellent match to the historical CO2
concentrations over the measurement period. Furthermore, the “initial” CO2
concentration in the formula came out to be very close to the likely “pre-industrial” CO2
concentration. Based on the used datasets, the half-life of the surplus concentration of
CO2 in the atmosphere is found to be approximately 40 years.

Cite as:
Halperin Ari, 2015. Simple Equation of Multi-Decadal Atmospheric Carbon Concentration Change, defyccc.com, defyccc.com/se

© 2015 Ari Halperin

1

SUMMARY
The aim of this paper is to derive a formula describing the natural change of surplus CO2 concentration
created by CO2 release from human activity. On the multi-decadal scale, there are two important sinks:
oceans and land. The ocean sink can be divided into the marine biota sink and the ocean proper. The
land carbon reservoir consists of plants and soil, which are considered together. Thus, the paper
addresses three sinks, in this order of significance: deep ocean water (>50% of total), land biomass, and
marine biota.

The Deep Ocean Sink
Surplus atmospheric CO2 quickly penetrates the top ocean layer (50–100 m) through wave action, air
entrapment, turbulent mixing of water, and diffusion. Vertical transfer of inorganic carbon to deeper
layers happens mostly through vertical currents – downwelling. In the areas with denser surface water
the surface water sinks, taking excess inorganic carbon with it. The surface water is denser mostly
where it is cold (higher latitudes, especially the North Atlantic), but also where it has higher salinity
(some areas of the Indian Ocean). Deep water rises at low latitudes (near the equator), bringing back
inorganic carbon at concentration that was in the deep water ~500 years ago. The operation of this
mechanism is well understood, and can be clearly seen in [Sabine et al., 2004]. For example, Sabine’s
Fig. 2a (the Atlantic ocean) shows a concentration of anthropogenic CO2 of nearly 30 µmol/kg at a
depth of 2,000 m at 65˚N. This is half of the concentration at the surface. At the same time, the
concentration is less than 5 µmol/kg at merely 1,200 m, near the equator. The surface concentration is
the same 60 µmol/kg everywhere. Graphs in Fig. 2b and 2c show similar effects for other oceans,
clearly demonstrating the vertical transfer of CO2 by downwelling, rather than by some other
mechanism. (To avoid ambiguity, this is the only place this paper distinguishes between anthropogenic
and non-anthropogenic CO2).
In terms of CO2, the top ocean layer behaves more like the atmosphere than like the rest of the ocean: a)
CO2 emissions spread vertically through the top ocean layer in a matter of months, comparable to the
span when they spread horizontally in the atmosphere, and b) almost all marine photosynthesis occurs in
the top ocean layer, just like land photosynthesis occurs in the atmosphere.
Thus, this paper introduces the notion of an extended atmosphere, which includes the real atmosphere
and the top ocean layer. The effective capacity of the top ocean layer to contain surplus carbon is
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computed in the paper to be ~10% of the real atmosphere’s capacity, so the results do not require
accurate determination of the depth of the top ocean layer. Carbon exchange between the extended
atmosphere and the deep ocean through vertical currents is described by equation (6).

The Land Biomass Sink
An increase in atmospheric CO2 leads to an increase in the Net Primary Production (NPP) by land
plants, which removes carbon from the atmosphere. Some NPP increase is offset by increased
decomposition. Most of the produced biomass either dies and decomposes within one to two years
(annual plants and leaves), or becomes wood and does not decompose for hundreds or even thousands of
years. The ratio is different for each ecosystem, but assumed to be independent from the atmospheric
CO2 concentration. Thus, the land biomass sink is described by equation (11).

The Marine Biota Sink
The mechanisms that make marine biota a carbon sink are different from those for land biomasses, and
are less well understood. Due to the Revelle factor, changes in the CO2 concentration in the surface
water are ~10 times smaller than corresponding changes in the air (e.g., a 100% increase of CO2
concentration in the air results in a 10% CO2 concentration increase in the water). Marine biota is also a
relatively small sink. The author assumes that its individual carbon sink rate can be expressed as a
differentiable function of surplus atmospheric CO2, and applying Taylor’s series theorem, describes it
with a linear function in equation (12).

Solution and Results
Adding up all the sinks and separating the members that sum up to the hypothetical “pre-industrial
equilibrium” yields the main result of the paper: the surplus concentration of CO2 in the atmosphere is
subject to exponential decay, in absence of additional anthropogenic CO2 release (formula (15)). Most
quantities and coefficients introduced before formula (15) are either eliminated or folded into the rate
coefficient λ. The “equilibrium” and the rate coefficient λ are for the sum of all sinks. No result is
obtained for individual sinks. No data for actual CO2 release or concentration changes was used in
derivation of (15). Formula (16) is a corollary of (15), taking into account anthropogenic CO2 release.
3

Validation by Data
Sections 3 – 6.1 validate the derived formulas (15) and (16) against historical data for CO2
concentrations (the Keeling curve) and anthropogenic CO2 release, and calculate the rate coefficient λ.
The calculated rate coefficient corresponds to an excess CO2 half-life of ~40 years, and the excellent
match between the theoretical results and the data fully validate the theoretical result. The paper
calculates residuals and shows them in a graph, but does not attempt residuals analysis. The reason is
that the emissions datasets might have error distributions that are unusual for natural sciences.
Parameter D0 can be interpreted, with caution, as a not very accurate estimate of the “pre-industrial”
CO2 concentration in atmosphere. D0 is slightly outside of the range of concentrations, for which the
formula was derived (315 – 560 ppm), and is quite sensitive to errors in the data. Nevertheless, its
proximity to the proxy data provides additional satisfaction.
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1. Introduction 1, 2
As this paper is intended for a broad range of readers, it is worth noting that carbon dioxide (CO2) in the
atmosphere is sometimes discussed in terms of carbon. Concentration values in ppm (mole fraction) are
the same for both, but the mass of CO2 equals the mass of carbon multiplied by 3.67. This paper uses the
mass of carbon, usually expressed in GtC, and it derives and validates a formula for the sink rate of the
surplus carbon concentration in the atmosphere. This should be distinguished from the CO2 residence
time in the atmosphere. Residence time is usually defined as an average time that a molecule spends in a
system. The residence time of a CO2 molecule in the atmosphere is about 5 years, but most CO2
molecules removed from the atmosphere by ocean or land biota are replaced by other CO2 molecules
entering from those “reservoirs.” The CO2 residence time is of little interest, except as an indication of
the fact that there is a dynamic exchange of carbon between the atmosphere and other “reservoirs.”
Human activities release CO2 into the atmosphere, creating a surplus carbon concentration. The
important subject is how the surplus carbon concentration in the atmosphere changes over time.
It was observed that the CO2 concentration in the atmosphere were growing nearly exponentially since
the beginning of measurements in 1957 through early 1980’s. Further, some papers, such as [Bacastow
and Bjorkstrom, 1981] used an exponential function to approximate the growth of an anthropogenic CO2
release. As the integral of an exponent is an exponent, the cumulative release was proportional to the
annual release in that model, and the physically meaningless concept of the airborne fraction (AF) of

1

Supplementary material (an Excel spreadsheet) is available from the original location of the paper:
http://defyccc.com/se
2

After the paper had been substantially finished, news media published information that China has revised its reported
emmissions sharply upwards.
(http://www.webcitation.org/query?url=http%3A%2F%2Fwww.nytimes.com%2F2015%2F11%2F04%2Fworld%2Fasia%2Fch
ina-burns-much-more-coal-than-reported-complicating-climate-talks.html%3F_r%3D0&date=2015-11-08)
This revision was not taken into account in the paper. The author believes that this revision, if correct, does not significantly
affects conclusions of the paper, except for some decrease of the estimated excess CO2 half-time.
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released CO2 became popular. Later, a very different Bern model [UNFCCC and IPCC, 1995] was
introduced for purely political reasons; therefore, it is not discussed here.
A significant portion of published research attempts to study unrealistically large pulses of CO2 over
periods of hundreds or thousands of years using computer models. For example, [Archer, 2005] models
a range of pulses from 300 GtC to 5,000 GtC on timescales expressed in kilo-years, while [Archer et al.,
2009] models pulses of 1,000 GtC and 5,000 GtC over hundreds of years. Results of such modelling,
even if correct, are not applicable to the real world on timescales of a century or less. Current
anthropogenic release is 10 GtC/year and we have less than 60 years of reliable measurements of
atmospheric carbon content.
[Raupach et al., 2014] (R2014) notes that the CO2 sink rate and sink rate coefficient are more useful
quantities than AF. Unfortunately, R2014 relies on incorrect estimates of land use change emissions
(cited as Le Quéré et al. 2013 in R2014), which include historical data revision, based on dubious
“methodological improvements” from 2010 Forest Resources Assessment by UN Food and Agriculture
Organization. This error, aggravated by incorrect application of statistical methods (Appendix C3 in
R2014), causes it to make an unfounded conclusion that the sink rate coefficient has been decreasing
since 1959.
A number of works showing the exponential natural decrease in the surplus CO2 concentration has been
published recently. [Jacobson, 2005] includes it as a correction to another paper. [Andrews, 2013]
makes a simple time fit, but falls to the confusion between residence time and surplus concentration
time, while [Docmartyn, 2010] makes the same point, but less rigorously.
The following web pages provide concise (not necessarily fully accurate) background information on
carbon cycle processes: [Bralower and Bice, 2014a], [Bralower and Bice, 2014b], [Gordon, 2004]. In
addition, a historical paper [Carbon Dioxide Assessment Commtee et al., 1983] remains relevant.
7

2. Physical Effects
In the absence of an anthropogenic impact, a number of natural processes influence the carbon content
of the atmosphere. It is assumed here there is a natural multi-centennial equilibrium atmospheric CO2
concentration, at which natural emissions and sinks compensate for each other (when averaged over a
few years), this equilibrium concentration is considered constant and is denoted D0. No assumption is
made about this value. On the multi-decadal scale, the most important processes are carbon exchange
with land and marine biota and carbon exchange with the oceans. The water–air interface is not an
obstacle for CO2 molecules, where the CO2 diffusion rate in water is much lower than in air, but active
mixing by waves and turbulence carries CO2 (in all chemical forms) far away. In a well-mixed vessel,
the partial pressure of CO2 would be the same in water as in air. Most CO2 chemically reacts with water,
producing HCO3-, which does not participate in partial pressure. Measurements of CO2 in the oceans are
frequently performed at a depth of 5–8 meters, and this shows a partial pressure difference. This
difference is usually small and tracks the air CO2 concentration [Calleja et al., 2013]; [CDIAC, Oak
Ridge National Laboratory, 2011]; [Takahashi et al., 2009]. Mixing rates gradually decrease with
depth. Thus, it makes physical sense to consider an ocean surface layer a part of the “extended
atmosphere,” rather than a part of the ocean. The surplus partial pressure of CO2 is quickly (within
months) equalized throughout the whole extended atmosphere globally. The average depth of this
surface layer should be somewhere around 50–100 meters, and it can vary between geographic
locations. Almost all primary production by marine biota happens within this surface layer. This
observation leads to considering three large CO2 sinks in direct contact with the extended atmosphere—
land, marine biota, and deep ocean—as shown in Fig. 1.
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Fig. 1. Major carbon “reservoirs” and exchanges relevant on a multi-decadal timescale. The top ocean
surface layer is shown as a part of the extended atmosphere.
Figure 1 shows major natural carbon exchanges. Plants and marine biota convert atmospheric CO2 into
biomass at the rate, exceeding plants respiration (Net Primary Production, or NPP). The decomposition
of land biomass and soil returns CO2 into the atmosphere. Some marine biomass sinks into the deep
ocean, where upwelling moves CO2-rich waters of the deep ocean up into the extended atmosphere,
mostly in the equatorial areas, while downwelling moves CO2-poor waters from the extended
atmosphere into the deep ocean, mostly in the polar areas. The effects of diffusion and turbulent mixing
with the deep ocean are neglected based on the definition of the extended atmosphere here. The
conversion of land soil into humus, fossilization, and ocean sedimentation are ignored as slow processes.
The most convenient quantity for understanding CO2 sinking processes is the surplus carbon
concentration in the air C. The surplus carbon concentration in the surface layer is proportional, as kwaC.
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kwa is proportional to Revelle factor, which depends strongly on water temperature, but weakly on
alkalinity, for the atmospheric carbon concentration of the interest to this paper: 315 to 560 ppm. The
current (July 2015) concentration is 403 ppm. More accurately, Revelle factor changes only between
-8% and +14% at the extremes of the range of interest, based on [Zeebe and Wolf-Gladrow, 2001, p.73],
so this dependency is disregarded. Consequently kwa also becomes constant from C.
Total air carbon concentration D and surplus carbon concentration are related as follows:
𝐷 = 𝐷0 + 𝐶

(1)

The total mass M of carbon in the extended atmosphere is comprised of carbon in the air and carbon in
the surface layer. This paper is concerned only with differences in this amount, which can be described
as follows:
∆𝑀 = ∆𝑀𝑎𝑖𝑟 + ∆𝑀𝑠𝑢𝑟𝑓𝑎𝑐𝑒

(2)

, which is for a given C
∆𝑀 = 𝑘𝑎𝑝𝑀 𝐶 + 𝑘𝑙𝑖𝑛 ℎ𝐶

(3)

where kapM is a conversion coefficient from ppm to atmospheric GtC, h is the average depth of the
surface layer, and klin indicates an increase in the mass of the carbon per meter of the surface layer per
ppm of the surplus carbon concentration in the air (GtC/ppm/m).
𝑘𝑙𝑖𝑛 = 𝑘𝐻,𝑝𝑐 𝑅𝐴𝑘𝑐𝑝 𝑚𝑚
where kH,pc is simply the Henry coefficient, A is a small ocean area, R is the Revelle factor in this area,
kcp is the conversion coefficient from concentration to pressure, and mm is the molar mass of carbon.
Equation (3) can be re-written as follows:
∆𝑀 = 𝑘𝑎𝑝𝑀 (1 + 𝑘𝑒𝑥𝑡 )𝐶

(4)
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𝑘

where 𝑘𝑒𝑥𝑡 = 𝑘 𝑙𝑖𝑛 ℎ can be called the virtual atmosphere extension increment. R and kH,pc depend on
𝑎𝑝𝑀

temperature, so an average surface layer temperature of is used, yielding 𝑘𝑙𝑖𝑛 = 0.0028 𝐺𝑡𝐶/𝑝𝑝𝑚/𝑚.
From [O’Hara, 1990] 𝑘𝑎𝑝𝑀 = 2.13 𝐺𝑡𝐶/𝑝𝑝𝑚, selecting h = 75m gives 𝑘𝑒𝑥𝑡 = 0.1.
The sink rate is defined here as the first derivative of C: C’ = D’ and is proportional to M’. Sinking
carbon amounts are negative. The movement of carbon between the atmosphere and the three sinks is:
𝑀′ = 𝑀′ 𝑙𝑎𝑛𝑑 + 𝑀′ 𝑚𝑏𝑒 + 𝑀′ 𝑜𝑐𝑒𝑎𝑛

(5)

where Mmbe is for the marine biota net exchange with the deep ocean. The rest of this section is devoted
to the derivation of simple formulas (15) and (16), which eliminate most parameters in (6)–(14).
Vertical ocean advection moves carbon by the simple mechanical motion of carbon-containing waters.
The displaced surface water moves laterally within the extended atmosphere. The total exchange with
the deep ocean can be described as follows:
𝑀′ 𝑜𝑐𝑒𝑎𝑛 = 𝐿𝑢𝑝 − ∫𝐴𝑂𝐷 𝑐𝑥 𝑣(𝑠)(𝐷𝑠𝑢𝑟𝑓𝑎𝑐𝑒,0 + 𝑘𝑤𝑎 (𝑠)𝐶)𝑑𝑠

(6)

The surface integral is taken over the total ocean downwelling area (AOD). cx is a constant conversion
coefficient, Dsurface,0 is the carbon concentration in the surface layer corresponding to D0 in the air (at
equilibrium), Lup is the amount of carbon arriving from the global upwelling area per unit of time, and
v(s) is the vertical advection speed in each location s. Lup is constant on a multi-decadal scale because the
ocean water circulation takes about 500 years.
Land Net Primary Production dependence on air CO2 concentration may be considered linearly
dependent on surplus CO2 [Kohlmaier, Siré et al. 1989]:
𝑝(𝐷) = 𝑝(𝐷1 )(1 + 𝛽

𝐷−𝐷1
𝐷1

)

(7)
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Here, NPP is a mass of carbon acquired from the atmosphere. D1 is an historical value of the carbon
concentration slightly below 315 ppm, average β ≈ 0.29, but differs significantly between plants and
ecosystems. Lately, a hypothesis of logarithmic dependence was introduced:
𝐷

𝑝(𝐷) = 𝑝(𝐷1 )(1 + 𝛽2 ln 𝐷 )

(8)

1

Even in the case of logarithmic dependence, given a narrow range of interest for D (315 – 560 ppm), it
can be well approximated by a linear function. Some of this production happens in annual plants or in
the leaves and toher short living parts of perennial plants. Per [Bothwell et al., 2014], these parts of
biomass typically die and decompose within a couple of years from production, returning carbon to the
atmosphere, so their contribution can be eliminated. Only long-living woody parts of perennial trees
store carbon for a long time. The growth of these parts can be assumed proportional to the growth of the
whole:
𝑝𝑡𝑖 = 𝛾𝑝

(9)

where the coefficient of proportionality γ can be around 0.7 for forests [Gough, 2011], but varies widely
for different ecosystems. Nevertheless, the formula for true incremental primary production for each
land area can be written as:
𝐶

𝑝𝑡𝑖 (𝐷) = 𝑝𝑡𝑖 (𝐷0 )(1 + 𝛽 𝐷 )

(10)

0

A complementary quantity is multi-year decomposition Lmyd. pti does not include primary production of
short living biomass, Lmyd does not include its decomposition. Trees can live for hundreds of years, then
decompose for hundreds more, so an increased primary production does not cause significant increase in
Lmyd on multi-decadal scale. Integrating (10) over the whole land surface yields the following equation:
𝐶

𝑀′ 𝑙𝑎𝑛𝑑 = 𝐿𝑚𝑦𝑑 − ∫𝐴𝐿 𝑝𝑡𝑖 (𝐷0 , 𝑠)(1 + 𝛽(𝑠) 𝐷 )𝑑𝑠

(11)

0
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The surface integral is taken over the total land area (AL). Phytoplankton produces biomass from CO2
by photosynthesis, just as land plants, but its parameters are very different. The lifetime of individual
phytoplankton organisms is very short, reproduction speed is very high, and diversity is astonishing. It is
also less researched. Marine biota remove CO2 from the extended atmosphere through the sinking of
dead biomass to large depths of the deep ocean. Opinions of how net primary production by
phytoplankton depends on an increase in CO2 concentrations in ocean water differ, with some even
claiming that it does not change (see [Schippers et al., 2004]). In any case, this change is currently small
compared with changes in the removal rates by other sinks, so it can be approximated as linear
dependence:
𝑀′ 𝑚𝑏𝑒 = 𝑀′ 𝑚𝑏𝑒,0 − 𝑘𝑚𝑏 𝐶

(12)

where M’mbe,0 is the removal rate at equilibrium and kmb is some unknown constant, not necessarily
positive.
By substituting expressions from (6), (11), and (12) for the individual exchanges in (5) and re-arranging
additive sub-expressions, we obtain:
𝑀′ = ((𝐿𝑚𝑦𝑑 − ∫𝐴𝐿 𝑝𝑡𝑖 (𝐷0 , 𝑠)𝑑𝑠) + 𝑀′ 𝑚𝑏𝑒,0 + (𝐿𝑢𝑝 − ∫𝐴𝑂𝐷 𝑐𝑥 𝑣(𝑠)𝐷𝑠𝑢𝑟𝑓𝑎𝑐𝑒,0 𝑑𝑠)) −
𝐶

( ∫𝐴𝐿 𝑝𝑡𝑖 (𝐷0 , 𝑠)𝛽(𝑠) 𝐷 𝑑𝑠 + 𝑘𝑚𝑏 𝐶 + ∫𝐴𝑂𝐷 𝑐𝑥 𝑣(𝑠)𝐷𝑠𝑢𝑟𝑓𝑎𝑐𝑒,0 𝑘𝑤𝑎 (𝑠)𝐶𝑑𝑠)
0

(13)

The expression in the first pair of large brackets is the sum of exchanges at equilibrium, which is zero by
definition. Eliminating it and moving C out from the remaining pair of brackets, we obtain:
𝑀′ = − ( ∫𝐴𝐿

𝑝𝑡𝑖 (𝐷0 ,𝑠)𝛽(𝑠)
𝐷0

𝑑𝑠 + 𝑘𝑚𝑏 + ∫𝐴𝑂𝐷 𝑐𝑥 𝑣(𝑠)𝐷𝑠𝑢𝑟𝑓𝑎𝑐𝑒,0 𝑘𝑤𝑎 (𝑠)𝑑𝑠) 𝐶

(14)

The expression within brackets is not dependent on C (i.e., a constant), M is proportional to C (with a
constant coefficient), so (14) can be re-written as follows:
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𝐶 ′ = −𝜆𝐶

(15)

where λ is a constant sink rate coefficient. This is a well-known formula of exponential decay. Taking
into account the anthropogenic CO2 release from fossil fuel combustion and cement manufacturing (at
rate rff), land use change (at rate rluc) and unaccounted natural CO2 release fluctuations (at rate rmisc) give
the following formula for the surplus carbon concentration in the atmosphere:
𝐶 ′ (𝑡) = 𝑟𝑓𝑓 (𝑡) + 𝑟𝑙𝑢𝑐 (𝑡)+𝑟𝑚𝑖𝑠𝑐 (𝑡) − 𝜆𝐶(𝑡)

(16)

with the initial condition C(0) = 0 corresponding to the equilibrium, which possibly existed hundreds
years ago, assuming validity of the equation for CO2 concentration at that time. In addition, rmisc = 0 is
assumed throughout this paper.

3. Data Collection and Preparation
To calculate λ and D0, the author used the following data:
 The monthly CO2 concentration in the atmosphere at the Mauna Loa Observatory (MLO) from
1958 to 2014, [R. F. Keeling et al., 2015a]
 The monthly CO2 concentration in the atmosphere at the South Pole from 1958 to 2014 [R. F.
Keeling et al., 2015b]
 Annual emissions data from fossil fuels according to the Carbon Dioxide Information Analysis
Center-Fossil Fuels (CDIAC-FF) from 1958 to 2010 [Boden et al., 2013]
 Annual emissions data from land use change according to the Carbon Dioxide Information
Analysis Centre-Land Use Change (CDIAC-LUC) from 1958 to 2005, [Houghton, 2008]
 Annual emissions data from the Global Carbon Budget 2014 (referenced here as GCB15) [Quéré
et al., 2015] used for 2006 to 2013, as described below.
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Annual CO2 concentrations were computed as weighted averages of four months around December 31
each year and averaged between the MLO and MLO-adjusted South Pole to represent the end-of-year
MLO concentrations. For fossil fuel (FF) CO2 release data, the CDIAC-FF dataset was extended using
corresponding values from GCB14 for 2011–2013, because both datasets had the same values for 1958–
2010.
Datasets for the land use data change from GCB15-LUC and CDIAC-LUC were substantially different.

LUC Data Comparison
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Fig. 2. Comparison of the land use change datasets. Sources: [Quéré et al., 2015] for GCB15,
[Houghton, 2008] for CDIAC-LUC.
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GCB15-LUC has an advantage of a more precise representation of emissions from 1997 Indonesian fires
thanks to the incorporation of the GFED4 dataset. On the other hand, it shows an unrealistic drop in land
use change (LUC) emissions starting with 2000, showing a 33% drop from 1995 to 2001 . LUC
emissions cannot exhibit such a sharp drop because they come mostly from soil decomposition, which is
a gradual process. The 2008 trough, showing an additional 34% drop from two years before and a 20%
increase two years later, is simply absurd. The GCB14-LUC is based on the official UN FAO data,
which relies on unverified government reports. Apparently, some governments were making inaccurate
reports since at least 2006. Such political events as signing the Kyoto Protocol in 1997, the beginning of
carbon credits trading in 2005 and REDD negotiations [UNFCC, 2006], might provide a relevant
context. In light of these deficiencies, the author decided to use the CDIAC-LUC with the following
corrections:
a) to extrapolate data from 2006–2013 using a simple average of the last five years minus 1%;
b) to incorporate a correction for the 1997 Indonesian fires using GFED4 data in the same way as
GCB14-LUC.
The data for CO2 emissions does not take into account CO2 production from the oxidation of humanreleased methane and a possible variation in volcanic and non-volcanic CO2 outgassing.

4. Calculation of D0 and λ
To find D0 and λ, equation (16) was discretized in annual intervals
𝐶𝑛+1 − 𝐶𝑛 = 𝐸𝑓𝑓,𝑛+1 + 𝐸𝑙𝑢𝑐,𝑛+1 − 𝜆𝐶𝑛

(17)

where Cn and Cn+1 are end-of-year surplus carbon concentrations, and Eff and Eluc are annual
anthropogenic release amounts expressed in ppm.
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D0 and λ were calculated by minimizing the mean squared error of computed vs. apparent sink values
over the period 1959–2012 using Excel Solver. The Excel file, containing the calculations and the
source data, is attached as Supporting Material. The result is λ = 0.0174, corresponding to a half-life of
39.7 years for the surplus carbon concentration, and D0 = 258 ppm. This estimate of equilibrium
concentration is an excellent match to 265 ppm, measured in the air trapped in glacial ice around 1850
according to [Carbon Dioxide Assessment Commtee et al., 1983, p.186].

Atmospheric Concentration of CO2, ppm
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Calculated, ppm
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Fig. 3. Comparison of the measured concentration of CO2 in the atmosphere (Keeling curve) and
computed using formula (17). Sources for measured concentration: [R. F. Keeling et al., 2015a], [R. F.
Keeling et al., 2015b].
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The match is surprisingly good, given large error margins and uncertainties in the data.

5. Results
As a first approximation, the change in the surplus atmospheric concentration of CO2 can be described
by formula (16) on a multi-decadal scale. This can be reformulated in accordance with formula (15) as
follows: the surplus carbon concentration in the atmosphere undergoes an exponential decay with an
approximate half-life of 39.7 years (λ = 0.0174) in the absence of additional anthropogenic or irregular
natural releases. The surplus concentration is measured from the hypothetical equilibrium concentration
D0 = 258 ppm. Noting that the surplus airborne carbon mass M is proportional to C, the result can be
reformulated in terms of pulse response function: the instantaneously released mass of carbon at the
background carbon concentration within the range of 315–560 ppm decreases according to the
exponential decay formula with the aforementioned half-life (for a realistic mass and within an
applicable time period).
6. Discussion
6.1. Residuals
The graph in FIG. 4 shows CO2 sink values, calculated according to formula (17), and compared with
apparent sinks, calculated from the data, where the 5-year sinks average is weighted.
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Fig. 4. Comparison of the apparent sinks from the reported data and computed ones using formula (17).
The dashed line shows sink value error boundaries based on stated “uncertainty” margins from GCB14
and an assumption that FF and LUC errors are independent. The author is convinced that the error
margins are severely underestimated by the GCB14, in part because the GCB14 acknowledges their low
confidence 1σ, in part because it arrives at them by comparing actual numbers with an output of an
“ensemble” of mutually disagreeing computer models and in part because of the issue discussed in
section 4. Nevertheless, residuals are within these extra-narrow boundaries almost everywhere. The only
significant deviation is around 1991. Partially, it might be caused by the 1991 Pinatubo volcano
eruption, reducing ground insolation and photosynthesis. Partially, it may be an error in the data. The FF
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emissions dataset appears not to reflect the sharp drop in manufacturing in Eastern Europe and the
former Soviet Union in 1989–1993, thus exaggerating the amount of carbon released at that time.
Formula (15) does not capture many natural effects, including ENSO, volcanoes, variations in solar
activity, and CO2 outgassing. There are also significant and uncertain errors in the emissions data. It will
be possible to further verify formula (16) around 2025, if accurate emissions data is available.
6.2. Limits of applicability
The sink rate coefficient λ, derived and calculated above, is not a physical constant. It is determined by
various factors of the climate system, which can be affected by natural changes (especially solar
variability) and human actions (including emitting black soot and aerosols’ precursors). The sink rate
coefficient is expected to change gradually with time and carbon re-distribution between the sinks. The
physical description is greatly simplified compared to reality and may neglect effects causing a change
in the sink rate coefficient λ. Nevertheless, existing data does not indicate that the carbon sink rate
coefficient has changed significantly in the last 50 years. There is no reason to think that the sink rate
coefficient will be changing rapidly in the next decades.
There is a question of the potential limits to the total sink capacity. Of course, there are limits, but they
are not factors on a multi-decadal scale. For example, at equilibrium with an atmospheric CO2
concentration of 560 ppm, 60% of ocean water can take in more than 4,000 GtC, equivalent to 400 years
of today’s carbon release. Only rough estimates can be done for the biosphere. [Revelle and Munk,
1977] determined that the “lid” is up to 7,800 – 2,800 = 5,000 GtC. The land plant growth rate is limited
by other factors besides atmospheric carbon dioxide, but this dependence is already captured by β-factor.
There may be additional limiting effects, but there are also multiple counter-effects, such as the
phenotypic plasticity of individual plants and the flexibility of ecosystems (i.e., plants that can better
take advantage of higher concentrations of CO2 might outgrow the rest). It should be noted that some of
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the most productive modern ecosystems have evolved at a time when the CO2 concentration was much
higher than 560 ppm. For example, Amazon rainforest has evolved in Eocene ([Morley, 2000], [Eocene,
Wikipedia, 2015], [Eocene, Wikipedia, 2015]). In any case, the data does not indicate a sink rate
coefficient decrease.
Marine biota are a wild card. A surplus concentration of carbon in the ocean surface layer is about 10x
lower than in the air. However, as a carbon sink, marine biota hold three key advantages over land
plants. In the most productive land areas, plants cover almost all surfaces, and their growth is limited by
the amount of light necessary for photosynthesis. Phytoplankton receives only a tiny part of the solar
energy falling on the ocean area where it lives, so its growth is not significantly limited by it. Marine
biota have a very high rate of growth and reproduction in suitable conditions (demonstrated by algae
blooms). Finally, the sinking rate of dead marine biomass is determined by the coagulation of small
particles, which is a second-order reaction. Consequently, the carbon removal rate by marine biomass
can grow very fast. There is evidence that marine biota are much less dependent on non-carbon nutrients
than thought, and not even limited by the Redfield ratio [Riebesell, 2004], [Riebesell et al., 2007].
6.3. Equilibrium and historical CO2 concentrations
The equilibrium carbon concentration is not necessarily the same as the “pre-industrial” carbon
concentration. Further, the equilibrium concentration D0, calculated over the period 1958–2013, may be
different from the “true” multi-centennial equilibrium concentration. One important factor for both
differences is a long-term variation in solar activity per [Soon and Yaskell, 2004] and [Soon and
Baliunas, 2003], influencing photosynthesis rates and having disproportionally strong impact on
relatively small photosynthesis – respiration difference.

21

7. Conclusions
Formulas (15) and (16) for atmospheric carbon concentration change on multi-decadal scale have been
derived based on well known laws of physics, chemistry, oceanography and biology. The derived
formulas were then validated and confirmed by available statistical data. On the multi-decadal scale,
anthropogenically released CO2 is removed from the atmosphere by the deep ocean, land biota, and
marine biota according to formula (16). Without accounting for new release and natural perturbations,
the surplus atmospheric concentration of CO2 undergoes an exponential decay with a half-life estimated
~40 years.
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